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Analysis of Integrated-Optics Near 3 dB Coupler and
Mach-Zehnder Interferometric Modulator Using
Four-Port Scattering Matrix

ROBERT H. REDIKER, rFELLOW, IEEE, AND FREDERICK J. LEONBERGER, SENIOR MEMBER, IEEE

Abstract—The scattering matrix formalism for a lossless four-port
device is used to describe the interferometric performance of the inte-
grated-optics near 3 dB coupler and, consequently, the Mach-Zehnder
interferometric modulator as a function of coupler and/or power im-
balance. For the case of a coupler consisting of three single-mode
dielectric guides forming a Y junction, a fourth port is incorporated
which takes all the power radiated out of the guided-wave system in
the vicinity of the junction. The interferometric properties of the
coupler are shown to be relatively insensitive to fabrication and/or
design errors of a magnitude which would make the use of this junc-
tion in the reverse direction as a 3 dB divider very marginal. A coupler
with an extinction ratio as an interferometer better than -26 dB corre-
sponds to a power divider which couples 22 percent more power into
one arm than the other. It is also shown that the near 3 dB coupler
used as the output of an interferometric modulator is similarly insensi-
tive to the inequality of the powers in the two arms.

1. INTRODUCTION

N this paper the scattering matrix formalism for a lossless
four-port device which has been used successfully in the
analysis of microwave circuits [1] is used to describe the inter-
ferometric performance of the integrated-optics near 3 dB
coupler. A near 3 dB coupler is defined here as a real achieve-
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Fig. 1. Four-port representation of the 3 dB coupler. The coupler is
exemplified by a Y junction of single-mode dielectric waveguides.
The fourth port takes all the power radiated out of the guided-wave
system in the vicinity of the Y junction for input power at port 1
and/or port 2.

ment of an ideal 3 dB coupler for which there is an imbalance
in the power splitting. The near 3 dB coupler in integrated
optics could be formed as a directional coupler or as a ¥ junc-
tion. Here we will take an example, a Y junction that consists
in the forward direction of two single-mode dielectric wave-
guides coming together into a third single-mode guide, as
shown in Fig. 1. Also, as shown in the figure, we include at
the junction a fourth port which takes all the power radiated
out of the guided-wave system in the vicinity of the coupler.
Inclusion of this fourth port allows us to analyze this coupler
as a lossless four-port network. The properties of the scatter-
ing matrix of the lossless four-port network—the matrix is
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both symmetrical and unitary—are used to an advantage to
obtain unknown matrix coefficients from those that are &
priori given, and thus, to be able to completely determine the
outputs from the Y junction for arbifrary combinations of
inputs. In particular, the power in the output, port 3 in Fig. 1,
is obtained as a function of the respective powers and their rel-
ative phase in the two inputs, ports 1 and 2, under the assump-
tion that the device of Fig. 1 in the backward direction acts as
a known near 3 dB splitter.

In determining the scattering matrix for the four port, it is
assumed that there is no coupling between the waves traveling
toward the coupler junction (+z waves) and those traveling
away from the junction (-z waves), either between the waves
associated with port 1 and those associated with port 2 or vice-
versa, or between waves associated with an individual port.
This assumption is equivalent to neglecting the reflected waves
and is appropriate for the integrated-optics dielectric-waveguide
Junctions. It follows from this assumption and the symmetry
requirements of the scattering matrix that, for the dielectric
waveguide Y junction, there is no power coupled to radiation
modes into the crystal when the coupler is operated as a power
divider (i.e., there is no power coupled from port 3 to port 4).
The zero coupling to radiation modes for dielectric waveguide
Y junctions operated as a power divider is commonly used in
conventional treatments of these junctions.

With the assumption of no reflected waves and that the near 3
dB coupler is characterized by the coupling of (1/2)(1 + 8) of
power from port 3 into port 1 and (1/2)(1 ~ §) of the power
into port 2, we can determine the entire four-port scattering
matrix between the output electric fields £’ and input fields E.
This matrix is

E{ 0 0
E; 0 0
o= 1+6 1-6
E} — /=
2 2
-5 +68
£ 12 . 12
L L

To obtain this matrix, we have made use of our knowledge
that it must be unitary and symmetrical.
From the matrix of (1)

ST /T-5. .
E3€ZO= D) E1+ 5 E2el¢

where 6 is the phase angle between the output electromagnetic
wave at port 3 and the input electromagnetic wave at port 1,
¢ is the phase angle between the input electromagnetic waves
at port 2 and port 1, and E is the magnitude of E.

The relationship between the powers at ports 1, 2, and 3 is
from (2)
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where the term in the second parenthesis on the right-hand
side of (3) is the complex conjugate of the term in the first
parenthesis. Multiplication of the two terms on the right-hand
side of (3) gives

Py =Py=% [Pi(1+8)+Py(1-8)
+2vP,P,(1-82) coso]. €]

Coupled mode analysis for the Y junction [2] can be extended
to obtain the same result as (4) [3].

Let us first consider the perfect 3 dB coupler (6 =0) and
note for this case that the scattering matrix (1) is of the same
form as the scattering matrix of the “magic T” in microwave
circuits and also that of the hybrid coil used in telephone
repeater circuits, both of which are also characterized by no
reflections. If one assumes that the powers incident on port 1
and port 2 are different—that the power into port 1is P,{1 + A)
and the power into port 2 is P,(1 - A)—then as the phase
between these input powers is varied over 7, the maximum-to-
minimum ratio of the output power P, is from (4)

Pimax _ (1 +V1- A%)?
= =2

P3min A

P;; EP¢,=(

©))

5)

The ratio in (5) is plotted in Fig. 2. Note that for A=0.1,
which is equivalent to Py/P, =1.22
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The fact that this ratio is still large for relatively large differ-
ences in the power in the two input arms has a significant
impact on the operation of the interferometric modulator
shown in Fig. 3. It means that the operation of this modulator
is extremely tolerant to variations in the power division at the
input near 3 dB coupler and/or unequal absorption of the
power in the respective input guides both in their straight and
their “bend” sections. If because of fabrication errors or other
causes there is a 20 percent difference in the power in the two
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Fig. 2. The ratio of the power output from the 3 dB coupler operated
as an interferometer when the power in the two input ports are in
phase to that when the power in the input arms are 180° out of phase
is plotted against the power inequality factor A. The power inequality
factor is defined so the ratio of the power in the two input ports is
1+ 4a)/(1 - a).
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Fig. 3. The Mach~Zehnder interferometric modulator.
arms which feed the output Y junction, the peak-to-valley ratio  power is from (4)
of power output 'of the interferometric modulator w?ll 1_)e Pypay (141 /““—"——"(1 Z87)(1- A?) + 5A)? )
larger than 26 dB! Conversely, large peak-to-valley ratios in = . (N

the output of the interferometric modulator must not be
interpreted in terms of having solved fabrication and/or design
problems in making the input 3 dB coupler, the waveguides,
and their bends.

For a near 3 dB coupler, as the output coupler of the inter-
ferometric modulator and as above assuming unequal powers
in port 1 and port 2, i.e., P, =P,(1 + A) and P, =P,(1 - A),
then as the phase between these input powers is varied over 7,
the maximum-to-minimum ratio of the interferometer output

(A+8)?

In Fig. 4 the ratio of (7) is plotted as a function of the imbal-
ance 8 in the near 3 dB coupler for various values of the power
inequality factor (A) in the two arms of the interferometer.
Also shown in the figure as a dashed line is the case for A=§,
The insensitivity to the imbalance in the output coupler is
important to the practical applicability of the interferometric
modulator. For equal power into the two arms (A=0), a
fabrication or design error that produced a § = 0.1 would yield

P3min
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Fig. 4. The maximum-to-minimum ratio of the output of the Mach-Zehnder interferometric modulator as a function of

the imbalance patameter 5 of the output coupler with A as parameter.

The quantlty & is defined in terms of this near

3 dB coupler being operated as a power divider, in which case it would couple 7 (1 + 8) of the input power into one arm

and 5 (1 - §) of the input power into the other arm.

a quite acceptable P3pay/Pamin Of 26 dB, while if the coupler
were operated in the reverse direction, 22 percent more power
would be coupled into one arm than the other, which most
probably would be unacceptable for a power divider. In any
practical case there would be both imbalance in the output 3
dB coupler and inequality in the power in the arms feeding it.
If it is assumed that the errors are systematic and additive, the
worst case is for dashed line in Fig. 4. Note that for a 10 per-
cent imbalance and a 10 percent power inequality A =§ = 0.05
the ratio of Pimax/Psmin has the quite acceptable value of
400 or 26 dB. .

CONCLUSION

In conclusion, the operation of the Mach~Zehnder interfero-
metric modulator has been shown to be relatively insensitive
to the power inequality in the arms feeding the near 3 dB out-
put coupler and also relatively insensitive to the imbalance in
this coupler that would make the coupler’s operation as a
power divider very marginal.

The use of the scattering matrix formalism for a lossless
four-port device has been shown to be a powerful tool in the
analysis of the interferometric properties of the integrated-
optics 3 dB coupler as exemplified by single-mode waveguide
Y junction, just as it was over 35 years ago in the analysis of
the microwave “magic T.”
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